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ABSTRACT 

Knowledge of the angular dlstrlbutlon of velocity vectors of molecules streammg from an 
office into vacuum m effusion expenments is important in a variety of applications 
Particular apphcatlons are m torsion-effusion experiments, where the recoil force depends on 
angular dlstnbutlon, and m target-collection expenments, where the fraction of effusing 
vapor collected by the target depends on angular dlstrlbutlon Recently, commercial vapor 
pressure balances based on the target-collection principle have become avadable We present 
a theoretical analysis of the needed angular dlstrlbutlon for the general case of effusion 
orlflces whch are frustums of nght circular cones, a case which mcludes cyhnders We apply 
this analysis to target-collection problems m which the target, collimator, or collector 1s 
circular or rmg-shaped and coaxial with the orifice Both mass effects and force effects are 
included We consider the case m which a fraction v (0 < v Q 1) of the lmpmgmg molecules 
stick permanently to the target and m which reflected molecules have a different “tempera- 
ture” than do the lmpmgmg ones We have avadable a FORTRAN program which calculates 
angular dlstrlbutlons and fractions of effusing molecules which stnke a gven target or 
collimator For the special case of cyhndncal onflces, closed-form equations based on 
derlvatlons by Clausmg are presented for the target-collection probability 

INTRODUCTION 

The vapor pressure and/or chermcal composltlon of the vapor of a 
substance, particularly at elevated temperatures, can be obtamed by a 
modlflcatlon of the Knudsen-effusion method [1,2] m which a fraction of the 
effusing vapor lmpmges on a cold target A vanety of means are available [3] 
for analyzmg effects on the target mass change [4], countmg of radloactlvlty 
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[5], X-ray fluorescence analysis [6], force imparted by lmpmgmg vapor [7], 
etc The method combined with mass spectrometry [8] renders it especially 
powerful Recently, an automatic target-collection apparatus mcorporatmg a 
rmcrobalance has been made avalable commercially [9] 

Onflces used m Knudsen-effusion cells are usually circular m cross 
section, their deflmng sectlons are frustums of right circular cones [lO,ll], 
often the special case of a cyhnder The target used, or the collimator used 
to define the part of the effusing vapor winch strikes the target, IS circular 
and coaxial with the onflce for slmphclty of analysis Correlation of effects 
on the target with the vapor pressure m the effusion cell requu-es knowledge 
of the fraction of the effusmg vapor which strikes the target. Additional 
factors of importance, particularly where the force exerted on the target IS of 
interest, are the fraction of lmpmgmg molecules whch stick to the target, 
the angular dlstnbutlon of momentum vectors of the molecules stnkmg the 
target and of any reboundmg from the target, the temperature of the source 
of the effusing molecules, and the effective temperature of any molecules 
rebounding from the target A theoretical analysis including these factors IS 
available [lo] and IS outhned here 

THEORY 

We consider the model described before and Illustrated m Fig. 1 A 
Knudsen-effusion cell with an effusion onflce whose flow-rate hrmtmg 
section IS m the shape of a right circular come frustum, included would be 
cylmdncal onflces m which the sermapex angle of the cone IS zero and Ideal 
orifices m whch the he@ of the frustum IS zero Either dlvergmg or 

Knudsen : 
Cell 

u \ Orlflce 

Fig 1 Geometnc representation of an effusion-cell and target combmatlon r IS one-half of 
the angle subtended at the onfxe by the target or colhmator B IS the angle representing the 
direction of the velocity vector of an effusing molecule 
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convergmg comcal orifices can be considered The target or collimator 1s 
circular, coaxial with the onflce, and sufflclently far removed from the 
onflce that the onflce appears effectively as a point source of effusmg 
molecules The quantities of interest are the rate at which molecules lmpmge 
on the target and the force exerted on the target Each can be related to the 
vapor pressure m the effusion cell 

We consider the cases m whch all molecules striking the target condense 
permanently and m whch a fraction of the molecules re-evaporate or are 
reflected We define the followmg terms 
r = half the angle subtended at the onflce by a diameter of the target or 

colhmator 
V = the fraction of effused molecules stnkmg the target which re- 

evaporate or are reflected 

Gr = the “ transnusslon probablhty” of the orifice-target system, 1 e the 
fraction of molecules entering the effusion onflce which effuse and 
stnke the target 

f = the force exerted on the target 
9 = the angle between a hne ongmatmg at the center of the onflce exit 

and the common axis of the onflce and the target 
P = the pressure of vapor wlthm the effusion cell 
dGO = the fraction of molecules entermg the effusion onflce which effuse 

and stnke the target wlthm an incremental rmg between 0 and 
8 + de 

It 1s convenient to express dG, by 

dG, = 2Q(S) sm 8 cos 8 de (1) 

The function Q( 0) has been denved as a function of 8 and tabulated [lo] or 
can be calculated with an avadable computer program [14] Gr 1s then 
expressed as 

G, = 2 Ire(e) sin 8 cos 8 de 
JO 

The same program [14] calculates G, 
Equation (2) for the special case of a cyhndrlcal effusion onflce was 

treated by Clausmg [12] and Freeman and Searcy [13] but numerical 
integrations were required Edwards [lo] showed the linear approxlmatlons 
of Clausmg [12] to be bghly accurate and obtained a closed-form expression 
of G, for cyhndncal onfices, that expression 1s gven here m the Appendix 

The Knudsen equation [1,2,6] modlfled by G, 1s used to calculate the 
vapor pressure P m the effusion cell 

P = (dg/dt)(2aRT/M)“2/( GrA) 

m whch dg/dt 1s the rate of accumulation of mass on the target, A IS the 
area of the entrance to the orifice from the effusion cell, T IS the tempera- 
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ture of the cell, and M 1s the molecular weight of the effusing vapor If Y 1s 
other than zero, then the right side of eqn (3) would be divided by (1 - V) 

The force f, exerted on the target when v = 0 1s expressed by 

f, = (3/2)PA Ire(e) sm 19 cos*8 d0 (4) 
Jo 

If the force on the target 1s measured, say by a torsion balance [3,7], the 
vapor pressure m the cell can be expressed by rearrangement of eqn (4) 

When v 1s greater than zero, the effect on the force exerted 1s complicated 
and dependent, among other things, on the dlstrlbutlons of speeds and of 
direction of momentum vectors of the reflected or re-evaporated molecules 
In the case m wkch the molecules leaving the target have momentum 
vectors distributed accordmg to the Knudsen cosine law [3,15] and a 
Boltzmann speed dlstnbutlon, so they can be assigned an effective tempera- 
ture T', the expression for the force f, 1s 

ft = (1/2PA 3il‘e(e) + v(T'/T)"*Gr 1 (5) 

Assumption of the Knudsen cosine law 1s usually accurate Equation (5) 1s 
most useful m cases m wbch the effusate possesses slgmflcant vapor 
pressure at the temperature of the target and thermal accommodation 1s 
sufficient to assign to the molecules leavmg the target the temperature of the 
target. 

The force exerted by molecules lmpmgmg on a target can be Important 
even m cases m whch the rate of mass accumulation IS measured by a 
nucrobalance from wluch the target 1s suspended [3] That force can become 
apparent when the temperature of the effusion cell 1s changed or when the 
nature of the vaporlzatlon reaction changes For instance, if the furnace 
heatmg the effusion cell were turned off, effusion would stop, and the mass 
of the target would appear to increase due to loss of the upward force of 
lmpmgmg molecules A slrmlar effect would be observed If a sudden 
decrease m pressure m the effusion cell occurred when a volatile phase m the 
cell was exhausted 

APPENDIX 

The transrmsslon probablhty, Gr of a cylindrical-onflce and target system 
can be expressed accurately m closed form [lo] Consider a cyhndrlcal 
effusion orifice with length of L and radius of Y Let 

c = 2r/L (Al) 

Further, consider the angle 

(Y = tan-% (A2) 
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When the target subtends at the onflce an angle greater than 2a, then some 
parts of the target at its nm are mvlslble to the interior of the Knudsen cell, 
all vapor stnkmg that part of the target comes by reflection off the walls of 
the onflce Hence, two expressions for G, are needed, one when r < (Y and 
another when I? > (Y 

We define 

a = 1 - [(c + l)( c2 + 1)1’2 - l]/[ c( c2 + 1)1’2 + c’] W) 
Then G, 1s gven by the followmg expressions 

G,( I’ < CY) = sm21Y - 4(1 - 2a)[ tan r( c2 + l)( c2 - tan2r)1’2/ 

(1 + tan’r) - ( c3/2)(sm 2r + 2r) + 2sm-‘(tan TIC) 

+(c2 - 2)(c2 + 1)1]/(37&) - 2(1- a)[2(c2+ 1)r 

- (c” + 2 + 2 tan2r) sin-‘(tan rlc)/(l + tan2r) 

-tan r+2 - tan2r)l12/(l + tan2r)]/(77c2) (A4) 

m whuzh 

[(c’+ 1)112 - cfr:(c2 - tan2r)l12] 

+ tan-1 ( [ ( c2 + 1j1j2 + cfTt(c2 - tan21Y)1’2] 11 
(W 

and 

G,(r > a) = u sm2r - 4(1 - 2a)[n + (c’ - 2)(c2 + 1)I’ 

- (c3/2)(sm 2r + 2r)]/(3ac2) - 2(1 - 4[2(c2 + 1)I’ 

-(d2)(c2 + 2)1/(~C2) Gw 
m whch 

I’ = 7r/2( c2 + 1)1’2 (AT) 

Table Al gives a test of eqns (A4) and (A6) The first column gives the 
value of L/r of the effusion orlflce The second column gives the angle r 
subtended at the onflce by the target The thnd column gives the correct 
value of G, calculated by accurate numerical mtegratlons of exact equations 
with the available computer program [14] mentloned earher The fourth 
column gives values of G, calculated wth eqns (A4) and (A6) The values 
of I’ were chosen for convemence m applymg the numerical integrations as 
well as for the purposes of this test 

It IS seen that only for large values of r and for L/r > 4 do any 
maccuracles m equations (A4) and (A6) appear that could be of expenmen- 
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TABLEAl 

G, for cylmdncal onflces 

L/r r (“> G, from Gr from 
numerical eqs 
integrations (A4)and(A6) 

1000 1057 003234 003234 
2114 01198 01198 
3172 02428 02428 
4229 03774 03774 
5286 04991 04991 
6343 05881 05881 
7008 06261 06261 
8114 06635 06636 
9000 06720 06721 

2000 1125 003488 003488 
2250 01218 01218 
3000 01937 01937 
4125 02997 02997 
5250 03872 03873 
6000 04340 04343 
7125 04842 04847 
8250 05097 05103 
9000 05142 05147 

4000 1107 003085 003085 
1992 008253 008253 
3185 01576 01576 
4242 02200 02199 
4771 02482 02481 
5828 02962 02960 
6886 03306 03304 
7943 03504 03502 
9000 03565 03563 

6000 1075 002663 002663 
1843 006131 006129 
3036 01174 01172 
4229 01710 01702 
4825 01951 01940 
6018 02350 02334 
7211 02615 02596 
7807 02694 02675 
9000 02754 02734 

8000 1052 002329 002328 
2037 005925 005910 
3303 01073 01065 
3936 01304 01291 

5202 01714 01692 

5835 01882 01855 
7101 02125 02093 
7734 02198 02165 
9000 02252 02218 
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TABLE Al (continued) 

L/r 

1000 

20 00 

r (“) 

10 37 
17 87 
30 98 
37 54 
50 65 
57 21 
70 33 
76 88 
90 00 
12 73 
19 76 
26 78 
40 83 
47 86 
6190 
68 93 
82 98 
90 00 

G, from G, from 
numerical eqs 
mtegratlons (A4) and (A6) 

0 02056 0 02055 
0 04326 0 04309 
0 08510 0 08402 
0 1056 0 1039 
0 1422 0 1394 
0 1573 0 1540 
0 1793 0 1753 
0 1859 0 1817 
0 1909 0 1866 
0 01714 0 01692 
0 02932 0 02861 
0 04198 0 04061 
0 06668 0 06382 
0 07777 0 07421 
0 09557 0 09087 
0 1018 0 09671 
0 1086 0 1031 
0 1094 0 1038 

tal importance In any expected, practical case r would be less than 45” 
and L/r would be less than 10 In such cases, eqns (A4) and (A6) will 
always be accurate w&m 2% When L/r IS 4 or less, these equations can be 
considered exact Of far greater concern should always be conformity of 
condltlons of the experiment to the model [lo] on wbch derivation of eqns 
(A4) and (A6) as well as those m the computer program [14] 1s based 
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